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Touching the Z2 in Three-Dimensional Rotations 

Vesna Stojanoska,*Orlin Stoytchev^ 



}Q ■ Abstract 
O 



A simple and self-contained proof is presented of the well-known fact that the fundamental 
group of S0{3) is Z2, using a relationship between closed paths in S0{3) and braids. 

1 Introduction 



The three-dimensional rotations form a Lie group, usually denoted by 50(3). A fascinating fea- 
ture of our world is that the fundamental group of 50(3) is Z2, or in short 7ri(50(3)) = Z2. This 
means that all closed paths in 50(3) starting and ending at the identity fall into two homotopy 
classes — those that are homotopic to the constant path and those that are not. Composing two 
paths from the second class yields a path from the first class. This topological property of the 
^ ■ space parametrizing rotations can also be stated as follows — a complete rotation of an object 

(corresponding to a closed path in 50(3)) may or may not be continuously deformable to the 
trivial motion (i.e., no motion at all); the composition of two motions that are not deformable to 
the trivial one gives a motion which is. 

A manifold with a fundamental group Z2 is a challenge to our imagination — it is easy to 
, visualize spaces with fundamental group Z, (the punctured plane), or Z x Z • • • x Z, (plane with 

CN I several punctures), or even Z © Z (torus), but there is no two-dimensional manifold embedded in 

whose fundamental group is Z2. 
If^ . The peculiar structure of 50(3) plays a crucial role in our physical world. We know that there 

O I are two quite different types of elementary particles, bosons and fermions. The quantum state of 

^ ■ a boson is described by a (possibly multi-component) wave function, which remains unchanged 

d . when a full (360°) rotation of the coordinate system is performed, while the wave function of 

a fermion gets multiplied by —1 under a complete rotation. Somewhat loosely speaking, this 
comes from the fact that only the modulus of the wave function has a direct physical meaning and 
therefore the wave function need not transform under a true representation of 50(3) but just under 
a projective representation, which is a true representation of its universal covering group SU (2) 

_c^: L^.2|. 

The standard way of showing that Ki (50(3)) = Z2 is to prove that 50(3) is homeomorphic to 
5^//, where / denotes the identification of diametrically opposite points of 5^. Once the latter is 
known, it is quite easy to see that paths starting from one pole of 5^ and ending at the other pole 
will be closed paths in 5^//, which are not contractible, but the composition of two such paths 
gives a contractible path. In order to find the topological structure of 50(3) one normally uses Lie 
group and Lie algebra theory. Namely, it is shown that the group SU (2) of unitary 2x2 matrices 
with determinant 1 is homeomorphic to 5^ and that there is a 2-1 homomorphism SU (2) — > 50(3), 
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which is a local isomorphism, and which sends diametrically opposite points in SU (2) to the same 
point in S0{3). 

There is a more direct way to exhibit the topological structure of the parameter space of three- 
dimensional rotations. It only uses the fact that rotations are represented by 3 x 3 matrices and any 
such matrix must have one (real) eigenvalue and a corresponding eigenvector. Then one shows 
easily that this element of S0{3) must be a rotation around this eigenvector In other words any 
element of SO {3) is a rotation around some axis and we need to specify the angle of rotation and 
the orientation of that axis in M^. 

In the present paper we present an alternative way of proving that Tti {SO (3)) = Z2. It does not 
use Lie group theory or even matrices. It is purely algebraic-topological in nature and very visual. 
It displays a simple connection between full rotations (closed paths in S0{3)) and braids. We 
believe that this may be an interesting way of showing a nontrivial topological result to students 
in introductory geometry and topology courses as well as a suitable way of introducing braids and 
braid groups. 

The goal of this paper is mostly pedagogical — presenting in a self-contained and accessible 
way a set of results that are basically known to algebraic topologists and people studying braid 
groups. The fact that the first homotopy group of S0{3) can be related to spherical braids is 
a special case (in disguise) of the following general statement |4|: "The configuration space of 
three points on an r-sphere is homotopically equivalent to the Stiefel manifold of orthogonal 
two-frames in r+ 1 -dimensional Euclidean space". Fadell |4| considers a particular element of 
7ri(SO(3)) and uses the fact that it has order 2 to prove a similar statement for a corresponding 
braid. Our direction is opposite - we analyze braids to deduce topological properties of S0{3). 

In the next section we describe a simple experiment that actually demonstrates the Z2 in three- 
dimensional rotations. Then in section 3 we give a formal treatment of that experiment. We 
construct a map from ni{S0{3)) into a certain factorgroup of a subgroup of the braid group with 
three strands. We prove that this map is an isomorphism and that the image is Z2. 

2 The experiment 

Take a ball (tennis ball will do) and attach three strands to three different points on its surface. 
Attach the other ends of the strands to three different points on the surface of your desk (Figure 
Perform an arbitrary number of full rotations of the ball around arbitrary axes. You will get an 




Figure 1 : Rotating a ball with strands attached 



entangled "braid". Now keep the orientation of the ball fixed. If the total number of full rotations 
is even, you can always untangle the "braid" by flipping strands around the ball. If the number of 
rotations is odd you will never be able to untangle it, but you can always reduce it to one simple 
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configuration, e.g., tiie one obtained by rotating the ball around the first point and twisting the 
second and third strands around each other. 

As is to be expected, rotations that can be continuously deformed to the trivial rotation (i.e., 
no rotation) lead to trivial braiding. At this point we can only conjecture from our experiment that 
the fundamental group of SO (3) contains as a factor Z2. 

3 Relating three-dimensional rotations to braids 

With each closed path in 50(3) we associate thi^ee closed paths in starting at the sphere with 
radius 1 and ending at the sphere with radius 1/2. We may think of continuously rotating a sphere 
from time ? = to time ? = 1 so that the sphere ends up with the same orientation as the initial one. 
Simultaneously we shrink the radius of the sphere from 1 to 1/2 (see Figure|2li. Any three points on 




Figure 2: A "spherical braid" and a normal braid 

the sphere will trace three continuous paths in R^, which do not intersect each other. Furthermore, 
for fixed t the three points on these paths lie on the sphere with radius I —t/2. To formalize 
things, let (o{t), t £ [0, 1] be any continuous path in S0{3) with ft)(0) = G)(l) = /. (o{t) acts on 
vectors (points) in R^. Take three initial points in M^, e.g., Xq = (1,0,0), Xq = (— 1/2, \/3/2,0), 
Xq = (— 1/2, — \/3/2,0). Define three continuous paths by 

x'(0:=(l-?/2)«(0(xi,), tG[0,l], / = 1,2,3 . 

In this way we get an object that will be called a spherical braid — several distinct points on a 
sphere and the same number of points, in the same positions, on a smaller sphere, connected by 
strands in such a way that the radial coordinate of each strand is monotonic in t. 

Note One can multiply two spherical braids by connecting the ends of the first to the beginnings of 
the second (and rescaling the parameter). When one considers classes of isotopic spherical braids 
one obtains the so called braid group of the sphere [T|, which algebraically is B3//? (see below). 
This is known as the mapping-class group of the sphere (with punctures and boundaries) and 
has been studied by topologists. 

We can map our spherical braid to a conventional one using stereographic projection (Figure 
|2li. First we choose a ray starting at the origin and not intersecting any strand. Then we map 
stereographically any point on a sphere with radius 1/2 < p < 1, except the point where the ray 
intersects that sphere and with respect to which we project, to a point in a corresponding horizontal 
plane. Finally we define the z-coordinate of the image to be z = — p . 

Recall the usual notion of braids, introduced by Artin |1 1. (See also 13 for a contemporary 
review of the theory of braids and its relations to other subjects.) One takes two planes in M? , 
let's say parallel to the XY plane, fixes n distinct points on each plane and connects each point 
on the lower plane with a point on the upper plane by a continuous path (strand). The strands do 
not intersect each other. In addition the z-coordinate of each strand is a monotonic function of 
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Figure 3: The generators Ci and 02 of Bj, 




Figure 4: The braid relation for Bj, 

the parameter of the strand and thus z can be used as a common parameter for all strands. Two 
different braids are considered equivalent or isotopic if there exists a homotopy of the strands 
(keeping the endpoints fixed), so that for each value of the homotopy parameter s you get a braid, 
for = you get the initial braid and for = 1 the final one. When the points on the lower 
and the upper plane have the same positions (their x and y coordinates are the same), we can 
multiply braids by stacking one on top of the other Considering classes of isotopic braids with 
the multiplication just defined, the braid group is obtained. Artin showed that the braid group B„ 
on n strands has a presentation with « — 1 generators and a simple set of relations - Artin's braid 
relations. We give them for the case « = 3 since this is the one we are mostly interested in. In this 
case the braid group B3 is generated by the generators 0\, corresponding to twisting of the first 
and the second strands, and 02, corresponding to twisting of the second and the third strands (the 
one to the left always passing behind the one to the right) (Figure|3ll. These generators are subject 

to a single braid relation (Figure |4ji: 



(72(Ti(J2 = Cri(T2(7i (1) 

We say that B3 has a presentation with generators a\ and (72 and defining relation given by Equa- 
tion ^ or in short: 

B3 = (ai, 02;Oi020i02^0y^02^) (2) 

In our case, since a full rotation of the sphere returns the three points to their original positions, 
we always get pure braids, i.e., braids for which any strand connects a point on the lower plane 
with its translate on the upper plane. Pure braids form a subgroup of 63 which is denoted by P3. 
Note that intuitively there is a homomorphism n from B3 to the symmetric group ^3 since any 
braid from B3 permutes the three points. Formally one defines n on the generators by 

;r(ai)(l,2,3) = (2,1,3), 7r(a2)(l, 2,3) = (1,3,2) (3) 

and then extends it to the whole group B3 (it is important that 7i maps Equation ^ to the Uivial 
identity). Pure braids are precisely those that do not permute the points and therefore we can give 
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the following algebraic characterization of Py. 

:=KerK 

Alternatively, 53 is the quotient of B3 by the additional equivalence relations a? ~ /, / = 1,2 and 
if is the minimal normal subgroup containing a?, then 71 : Bt, —>■ Bi,/N is the natural projection. 
It is then easy to see that the kernel of n has to be a product of words of the following type: 



af'a^i •• -0^10,^2 ±1, 

'1 '2 Ik 'k+l 'k 



The whole subgroup P3 can in fact be generated by the following three twists (Figure |5l) 



( 



Figure 5: The generators au, cin and a23 of ^3 



an ■= <yf, ai3 := aiafaj ' = 'a|ai, 023 := a| (4) 

In our construction so far we mapped any closed path in SO (3) to a spherical braid and then, 
using stereographic projection, to a conventional pure braid. The last map, however, depends on 
a choice of a ray in and, what is worse, spherical braids that are isotopic (in the obvious sense) 
may map to nonisotopic braids. To mend this, we will identify certain classes of braids in P3. 
Namely, we introduce the following equivalence relations (see Figure |6li: 




Figure 6: The flips ri, r2 and rj, 



n := aia|ai ~ /, r2:=afa|~/, := 020^02 ^ I- (5) 

On our model with the tennis ball from Section 2 r,, / = 1 , 2, 3 correspond to flips of the i-th strand 
above and around the ball. Such motions lead to isotopic spherical braids, as will be shown later. 

Note Strictly speaking, we have to make sure that our final result will not change when any strand 
crosses at any part of the braid the ray which we use for the stereographic projection. This means 
that we have to factorize by the normal closure in B3 (not in P3 !) of the generators r, , / = 1,2,3, 
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i.e., the smallest normal subgroup in B3 containing these three generators. This would then allow 
us to set to / any r, in any part of a word. One sees immediately that only one of the generators is 
needed then, since the other two will be contained in the normal closure of the first. We noticed, 
however, that we managed to untie any trivial braid just by a sequence of the three flips r, defined 
in Equation |5] and their inverses, performed at the end of the braid. At the same time a nontrivial 
braid, corresponding to an odd number of rotations, cannot be untied even if we allow flips in any 
part of the braid. This can only be true if the flips r, generate a normal subgroup in B3 (which of 
course then coincides with the normal closure of any of the r, and is also normal in Pi,). 

Lemma 1 

The subgroup R C P3, generated by r\, r2, r^ is normal in B3. 

Proof: We need to show that we can represent all conjugates of r, with respect to the generators of 
B3 and their inverses as products of the and their inverses. Straightforward calculations, using 
multiple times Artin's braid relation (Equation^ give the following identities: 

ainaf ^ = r2, ojrio^^ = 02^ri02 = n, 

air2af ' = r2rir2^, 02r202^ = ^3, 

air3af ' = af V3ai = rj,, 02rj,02^ = rf Vin = rj,r2r^^, 

af Viai = V2n, Oy^r20i = n, 

02^r202 = riri,r^^ = V3r2, a2"V3a2 = r2. 

We demonstrate as an example the proof of the first identity in the second line. We have 

(71(7201 = 02(71(72 

2 2 

O2 (7i O2 0\ O2 0\ = O2 (7i O2 (7i 

2 2 

01 02 01 02 01 02 = 02 Oi 02 01 
01 01 01 0I = 01 01 01 01 
01 01 01 = 01 01 01 01 02^ 



3 2 -1 2 2 2 -2 -2 

01 0201 = 01 020102O'l02 01 



and therefore 



-1 2 2 -1 2 2 2 -2 -2 -1 

0ir20i = 01 • 01 02 • = 01 0f • 0102 01 • 02 Oy = r2rir2 



By suitable full rotations we obtain all generators of P3. For example, ai2 is obtained by 
rotating around the vector Xq = (— 1/2, — \/3/2,0) and it twists the first and the second strand. 
Furthermore, homotopies between closed paths in SO (3) correspond to isotopies of the spherical 
braids and thus homotopic closed paths in S0{3) will be mapped to the same element in the 
factorgroup Ps/R. 

Proposition 1 

The factorgroup Pt,/R is isomorphic to Z2. 

Proof: To make notations simpler we use the same letter to denote both a representative of a class 
in P^/R and the class itself, hoping that the meaning is clear from the context. lnPT,/R we have 

0i0| = 0f^ =a|ai, 

and 

0201^ = 02^ = 0^02. 
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Now we obtain the following sequence of identities: 

0-2 af = of 02 , C7i 02 of = of O2 , 

c7i(7|(Tia2 = afa2, l = of. 

We have used twice the braid relation (Equation Q and the first equivalence relation in Equation 
|5] In completely the same way we prove 

ot = L 

Combining the last two results with the equivalence relations (Equation |51l we finally get 

ol = af ^ = a| = (6) 

It is now clear that in P^/R the three generators, defined in Equation |3 reduce to one element of 
order 2. Therefore they generate Z2. This completes the proof. 

So far we have constructed a map 7li{SO{3)) P3/R, which is onto by construction, and 
we have shown that the image is isomorphic to Z2. We now show that this map is actually an 
isomorphism. 

Proposition 2 

The map ni{SO{?>)) — > P^/R is a monomorphism. 

Proof: We have to show that if a closed continuous path in SC?(3) is mapped to a braid in R, then 
this path is homotopic to the constant path. The proof basically reduces to the following observa- 
tion — any spherical braid which is pure (the strands connect each point on the outer sphere with 
the same point on the inner sphere) determines a closed path in 50(3). Two isotopic spherical 
pure braids determine homotopic closed paths in 50(3). Indeed, recall that for a spherical braid 
we can parametrize the points on each strand with a single parameter t and that for a fixed t all 
three points lie on a sphere with radius \ — t/2. These three ordered points x'(f),/ = l,2,3givefor 
every fixed t a nondegenerate triangle, oriented somehow in K^. Let 1(f) be the vector, connecting 
the center of mass of the triangle with the vertex x^(?), i.e., \{t) = — (x^(?) + x^(f) +x^(f))/3 
and define e^(f) := l(f)/||l(f)||. Let e^{t) be the unit vector, perpendicular to the plane of the tri- 
angle, in a positive direction relative to the orientation (1,2,3) of the boundary. Finally, let e^(f) be 
the unit vector, perpendicular to both {t) and e^(f), so that the three form a right-handed frame. 
Then there is a unique element (o{t) G 50(3) sending the vectors Cq = (1,0,0), Cq = (0,1,0), 
Cq = (0,0,1) to the triple t'{t). According to our definitions, G)(0) = (o{\) = / and we get a 
continuous function ft) : [0, 1] 50(3), where continuity should be understood relative to some 
natural topology on 50(3), e.g., the strong operator topology. 

Now, if we have two isotopic spherical braids, by definition there are continuous functions 
iL\t,s),i = 1,2,3 such that x'(f,5) is a braid for any fixed s G [0, 1], x'(0,5) = xj,, x'(l,5) = Xq/2, 
x'(f,0) give the initial braid and x'(f,l) give the final braid. By assigning an element (o{t,s) to 
any triple x'(f,5) as described we get a homotopy between two closed paths in 50(3). 

Let co'{t) be a closed path in 50(3) which is mapped to a braid b in the class r\ G 7?. We can 
construct a spherical braid, whose image is isotopic to that braid. Let z be the point on the unit 
sphere with respect to which we perform the stereographic projection. This can always be chosen 
to be the north pole or a point very close to the north pole (in case a strand is actually crossing 
the axis passing through the north pole). Note that the points xj,,/ = 1,2,3 are on the equator. 
Construct a simple closed path on the unit sphere starting and ending at x,, and going around z 
in a negative direction (without crossing the equator except at the endpoints). Thus we have two 
continuous functions (p{t), 6{t),t G [0, 1] — the spherical (angular) coordinates describing this 
path. Let x^{t) be the point in whose spherical coordinates are p{t) := l—t/2, (p{t), Q{t) and 
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let x'{t) := (1 — f/2)xQ,/ = 2,3. These three paths give the required spherical braid. It is isotopic 
to the trivial braid, coming from the constant path in SO (3) and at the same time it is isotopic 
to the preimage of b under the stereographic projection. In this way we see that 0)'{t) must be 
homotopic to the constant path. Obviously similar argument holds with ri replaced by r2 and 
or the inverses. Since any element in /? is a product of these generators and since products of 
isotopic braids give isotopic braids, this completes the proof. 

4 Further results and generalizations 

There is an obvious generalization of some of the results of the previous sections to the case 
n> 3. The minimal number of strands that is needed to capture the nontrivial fundamental group 
of SO (3) is n = 3. When n > 3 any full rotation will give rise to a pure spherical braid but the 
whole group of pure braids will not be generated in this way. It is relatively easy to see that in this 
way, after projecting stereographically, one will obtain a subgroup of P,„ generated by a single full 
twist d of all strands around an external point and a set of n flips r, : 

d := {a„-i ■ ■ ■ a20i)" , 

n := Oi02 - ■ ■ On-20^_iOn-2 - ■ ■ Oi, 
r2 := 02 • • • On-20l_iOn-2 ■ 02, 

ri := Oi-i ■ ■ ■ O20I02 ■ ■ ■ On-20l_iOn-2 ■ Oi, / = 2,3, . . . « - 1, 
r„ := On-\On-2 - ■ ■ 020'^02 - ■ ■ On-20n-\- 

Figure shows a full twist for the case with 3 strands while Figure [8] shows a generic flip. 




Figure 7: The full twist d in the case n = 3 



]) 




12 1 n 

Figure 8: The flip 
Straightforward calculations give the following generalization of Lemma 1 : 
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Lemma 1' 

The subgroup R C Pn, generated by r^ i= I,. . . n, is normal in B„. 

Proof: As in the proof of Lemma 1 we exhibit explicit formulas for the conjugates of all flips r,: 

OjriOj ^ =Oj^ riOj = ri, i - j > \ or j - i > 0, 
Oi-irior] = riri^ir7\ 
(jr\riai-i = r,-_i, 
(7(r,ar' = r,+i , i <n — \ 
ar^nOi = rrV,+ir,-, i<n-l 

Let us denote by S the subgroup, generated by d and r,. Using purely topological information, 
namely that n\{S0{2>)) = Z2, we can deduce the following generalization of Proposition 1: 

Proposition 1' 

The factorgroup S/R is isomorphic to Z2. 

An equivalent statement is that d^ e R. 

It is tempting to try generalizing the main result of this paper to higher-dimensional rota- 
tions. A straightforward generalization fails since one would produce braids in higher than three- 
dimensional space and these can always be untangled. Note that in three dimensions we are able 
to attribute a path in SO [3) to any spherical braid with 3 strands but this is not the case for w > 3 
(4 points on 5^ may not determine an orientation of the orthonormal frame in R'^.) It remains to 
be seen if a refinement of the methods used can render meaningful results. 

References 

[1] E. Artin, Theory of Braids, Math. Ann. 48, No. 1 (1947), 101-126. 

[2] V. Bargmann, On Unitary Ray Representations of Continuous Groups, Math. Ann. 59, No. 1 
(1954), 1^6. 

[3] J. Birman and T. Brendle, Braids: a Survey, E-print 'math. GT/0409 2051 
!ittpr//arxiv.org/abs/math/0409205 

[4] E. Fadell, Homotopy Groups of Configuration Spaces and the String Problem ofDirac, Duke 
Math. J. 29 (1962), 231-242. 

[5] E. Fadell and J. Van Buskirk, The Braid Groups of and S^, Duke Math. J. 29 (1962), 
243-257. 

[6] E. Wigner, On Unitary Representations of the Inhomogeneous Lorentz Group, Math. Ann. 40, 
No. 1 (1939), 149-204. 



9 



